Abstract. We show that an elliptical obstacle moving through a Bose-Einstein condensate generates wakes of quantum vortices which resemble those of classical viscous flow past a cylinder or sphere. The role of ellipticity is to facilitate the interaction of the vortices nucleated by the obstacle. Initial steady symmetric wakes lose their symmetry and form clusters of like-signed vortices, in analogy to the classical Bénard-von Kármán vortex street. Our findings, demonstrated numerically in both two and three dimensions, confirm the intuition that a sufficiently large number of quanta of circulation reproduce classical physics.
Introduction
Recent experimental [3, 4] , numerical [5, 6, 7] and theoretical studies [8] have highlighted similarities between turbulence in quantum fluids (e.g. superfluid helium and atomic Bose-Einstein condensates) and turbulence in ordinary (classical) fluids [9] . In particular, it is found that, in the idealized case of homogeneous isotropic conditions away from boundaries, the distribution of kinetic energy over the length scales obeys the celebrated Kolmogorov scaling of classical turbulence [10] . This similarity is remarkable, because a superfluid has zero viscosity and vorticity is not a continuous field but is concentrated in discrete vortex filaments of fixed circulation κ proportional to Planck's constant. In the more realistic presence of boundaries (such as an obstacle or confining channel walls), superfluid hydrodynamics is less understood, despite the large number of experiments in such scenarios.
In a classical viscous fluid [9] , the prototype problem with a boundary is the flow around a cylinder or a sphere (or, changing the frame of reference, the motion of a cylinder or a sphere in a fluid at rest). The nature of such flow is determined by the Reynolds number R = vd/ν, where v is the (assumed uniform) flow's velocity away from the obstacle, d is the obstacle's size, and ν is the fluid's kinematic viscosity. If R 50, a steady symmetric wake forms behind the obstacle; if 10 2 R 10 5 the wake becomes asymmetric and time dependent, forming the famous Bénard-von Kármán vortex street structure. These cases are depicted in Figure 1 . At even higher R, the flow becomes turbulent.
What happens in a superfluid is not clear. Firstly, the superfluid has zero viscosity (ν = 0) and hence R cannot be defined. Secondly, experiments performed in superfluid helium confirm that the flow is affected by the boundaries [11, 12] ; unfortunately what is observed is not the flow pattern itself, but rather the trajectories of tracer particles, whose relation with the flow is still the subject of investigations [13] . Numerical simulations of three-dimensional (3D) superfluid flow around an oscillating sphere performed using the vortex filament model were not conclusive -quantum vortices did not appear to organise themselves into a visible classical-like wake near the obstacle [14, 15, 16] . The two-dimensional (2D) scenario of an obstacle moving through a superfluid offers a simplified platform to consolidate analogs and disparities between classical and quantum fluids. In their pioneering simulations of the 2D nonlinear Schrödinger equation, Frisch and Pomeau [17] observed the formation of vortex pairs in the flow past a circular obstacle. A more complete picture has been revealed by Sasaki et al. [18] . Below a critical velocity (which depends on the strength [19] and shape of the external potential), the fluid undergoes laminar flow around the obstacle. Above this critical velocity vortices become nucleated and peel off from the moving obstacle. Two patterns are possible, depending on the size of the obstacle: vortex-antivortex pairs in either a symmetric [17] or asymmetric configuration (with the preference for the latter); or alternating pairs of like-signed vortices, forming a trail analogous to the Bernárd-von Kármán vortex street. At higher velocities, vortex nucleation becomes highly irregular.
Recent studies of this 2D system have considered vortex emission and drag [20, 21, 22, 23] , the critical velocity [24, 25, 26, 27, 28] , the effect of inhomogeneous potentials [22, 29, 30] , the role on the obstacle parameters [23, 31] , and supersonic effects such as oblique dark solitons [32] and Cerenkov radiation [33] . Neely et al. [34] have shown that, within stirred annular trapping potentials, macroscopic rotation forms due to spatial clustering of vortices.
In this work we present the first clear evidence of a classical wake in superfluid flow past an obstacle. Using the Gross-Pitaevskii equation (GPE) for a zero-temperature Bose-Einstein condensate and an elliptical obstacle, we show that the interaction of discrete vortex singularities downstream of the obstacle yields a flow pattern which indeed mimics classical vortex flow.
Model
We consider an atomic Bose-Einstein condensate (BEC) moving relative to a laserinduced obstacle (imposed through an external potential), as realized experimentally in 3D [35, 36, 37, 38] and quasi-2D condensates [38] . This scenario closely resembles that of the classical wake-problem [1, 2] . On a much larger scale, a similar 3D configuration has been experimentally realized in liquid helium [11, 12] .
The BEC, assumed to be weakly-interacting and at ultracold temperature, is parameterized by its mean-field wavefunction Ψ(r, t), which defines the fluid number density n(r, t) = |Ψ| 2 . The wavefunction satisfies the non-linear Schrödinger equation, also known as the Gross-Pitaevskii equation [39] , where a cubic nonlinearity arises from the mean-field potential generated by the dominant s-wave (contact) atom-atom interactions. The equation is, Here g = 4π 2 a s /m is the interaction coefficient, with a s being the atomic s-wave scattering length and m the atomic mass, and µ is the chemical potential of the condensate. The GPE is solved in the reference frame moving with the obstacle, at speed v along x.
The external potential acting on the system V (r, t) is taken to be zero everywhere, i.e. a homogeneous system with uniform density n 0 , apart from a localized repulsive potential, Gaussian in shape, which represents the obstacle. A key feature of this work is that the obstacle is taken to be elliptical, of ellipticity , with the short axis being parallel to the flow, x. Such a potential, in its 2D form, can be generated via the repulsive optical dipole force from an incident blue-detuned laser beam which is moved relative to the condensate either by deflection of the beam [35, 36, 37] or motion of the condensate itself when offset in a harmonic trap [38] . While laser-induced obstacles generated to date have had a circular profile, elliptical modification of the Gaussian potential can be achieved via cylindrical focussing of the laser beam.
We express length in terms of the healing length ξ = / √ mn 0 g, speed in terms of the speed of sound c = n 0 g/m, and time in terms of (ξ/c). A detailed description of the model can be found in Appendix A.
Results: Two-Dimensional Wakes
We begin by exploring quantum wakes in the 2D flow of a BEC past an obstacle, according to the 2D GPE with the elliptical potential defined in Equation (A.2).
Vortex emission from elliptical obstacles
For illustrative purposes we first consider an elliptical obstacle (size d = 5ξ, ellipticity = 3) moving at speed v = 0.365c. This speed exceeds the critical velocity for the obstacle such that quantum vortices become nucleated and trail behind to form a wake [ Figure 2 (a)]. Sound waves, also generated by the obstacle, have little effect on the vortex dynamics. At early times [ Figure 2 (a)(i)], the vortex shedding occurs through the symmetric generation of vortex-antivortex pairs, leading to a collimated and symmetric wake behind the obstacle. This is in qualitative agreement with observations for circular obstacles [17, 20, 22, 23] , although, for the same obstacle velocity and size, the elliptical obstacle induces a higher frequency of vortex emission and thus a denser wake. We examine the role of ellipticity in more detail in Sections 3.3 and 3.4.
At later times [ Figure 2 (a)(ii)], the flow becomes asymmetric due to the known instability of symmetric wakes [20] . A striking pattern emerges whereby distinct clusters of co-rotating vortices (of the order of 5 vortices in each cluster) develop downstream of the obstacle. Each cluster contains vortices of the same sign and adjacent clusters have alternating sign. These clusters form a Bénard-von Kármán vortex street downstream from the obstacle, confirming the intuition that a sufficiently large number of quanta of circulation reproduce classical physics. Here, the ellipticity of the obstacle facilitates the formation of this street; the relatively high rate of vortex emission leads to a greater interaction between vortices in the wake which in turn promotes clustering. In contrast, for a circular obstacle the symmetric wake evolves into a V-shaped wake of vortexantivortex pairs [18] ; this because the vortex emisson rate and hence their subsequent interaction is insufficient to induce significant clustering.
The vortex trajectories provide visualisation of the time-integrated nature of the wake [ Figure 2(b) ]. At early times (i), we see that the vortex trajectories are symmetric, forming a flow pattern in striking analog to the classical wake at low Re. The generic development of vortex trajectories is as follows. Pairs of singly-quantized vortices of opposite sign peel off from the poles of the obstacle and interact with each other as vortex-antivortex pairs. Each pair propagates in the positive x direction with approximate velocity /(md p ) [18] , where d p is the pair separation [43] ; the pair's velocity is less than the obstacle's velocity and it drifts behind the obstacle. As the pair moves further away from the obstacle, its separation decreases and its velocity increases, such that it begins to catch the obstacle up. Once the pair is sufficiently close to the obstacle, it again separates and slows down, then the cycle repeats. As more vortices are nucleated, two distinct clusters of like-circulation form. Nucleated pairs then travel around the outside of the existing cluster before contracting, speeding up and travelling through the middle of the clusters towards the obstacle. The clusters grow until they reach a maximum size depending on the obstacle's size and speed. Hereafter, nucleated vortex pairs travel around the outside of the two clusters and continue travelling downstream, becoming lost from the main wake.
Formation of the Bénard-von Kármán vortex street
Once the symmetry of the wake is broken, vortices no longer separate into two distinct clusters of like-circulation. Existing vortices and newly-nucleated vortices mix together behind the obstacle. However it is apparent in Figure 2(b) (ii) that, on average, positive vortices drift to y > 0 while negative vortices prefer to drift to y < 0.
To accelerate the formation of the asymmetric wake, we subsequently seed the initial condition with noise. Figure 3 shows the vortex locations at various stages of the evolution. The initial symmetry of the wake [ Figure 3 (a)] breaks at t ≈ 450(ξ/c), with the wake splitting into several clusters. The velocity field around the obstacle is affected: it depends on time and the distance of the nearest cluster of vortices. The obstacle no longer simultaneously produces vortex-antivortex pairs, but now generates a series of like-signed vortices. Since like-signed vortices are known to co-rotate, these vortices group into clusters which slowly rotate. This cluster effects the velocity field once more, causing a cluster of opposite signed vortices to be produced. This process then repeats such that clusters of like signed vortices are then produced behind the obstacle, much like vorticity in the classical vortex street behind a cylinder. While some positive clusters contain negative vortices and vice versa, the overall pattern is still a time-dependent Bénard-von Kármán vortex street. For clusters consisting of pairs of vortices, it has been shown that they can survive downstream for a very long time [18] . However, for regimes with larger numbers of vortices in each cluster, the chaotic nature of vortex motion can cause originally tightly packed and circular clusters to easily stretch over large areas, form strange shapes, or even split into smaller clusters. Examples of this will be shown later in Figure 5 .
Critical Velocity past an Elliptical Obstacle
Elliptical obstacles facilitate the formation of semi-classical wakes because they reduce the critical velocity and enhance the vortex shedding frequency. Figure 4(a) shows the critical velocity for flow past the obstacle as a function of its ellipticity, taking the obstacle to have fixed width in the y-direction of d = 10ξ. We determine the critical velocity numerically by performing simulations with flow velocities increasing in steps of 0.01 until vortices nucleate. For a circular object, we find that the critical velocity is v c = 0.355(±0.005)c, consistent with predictions in the Eulerian (d ξ) limit [26, 27, 28] . As the ellipticity is increased (i.e. the obstacle becomes narrower in x), the critical velocity decreases. The modification of the critical velocity is significant: if ε = 3, v c is more than 40% smaller than that for a circular obstacle.
The rough dependence of v c on ε can be derived as follows. According to Landau's criterion [44] , superfluidity breaks down when the fluid velocity exceeds the critical velocity v Lan = min [E(p)/p], where p is the momentum of elementary excitations and E(p) their energy. The weakly-interacting Bose gas has the dispersion relation 
While this result assumes constant density, a first order correction can be made by using Bernoulli's theorem to model the reduction in local density near the obstacle (due to the enhanced local fluid velocity) which in turn reduces the local speed of sound c(x, y) = n(x, y)g/m [45] . This then leads to the modified result,
This relation (solid blue line in Figure 4 ) gives good agreement with the computed values of v c . The deviation for ε ∼ 1 has been noted elsewhere [27] , and can be remedied using higher order corrections. From studies on circular objects, it is known that v c depends on the obstacle's shape at small diameters, where boundary layer effects are significant; v c approaches the "Eulerian" value only for large diameters d ξ [23, 27] . The variation of v c with the obstacle width d is shown in Figure 4 (inset). For d = 10ξ, the critical velocity effectively reaches its asymptotic value, while at smaller widths, it is much larger.
Role of Obstacle Size and Ellipticity on the Wake
During the initial symmetric phase of vortex nucleation, the wakes generated by the obstacle have the same qualitative structure shown in Figure 2(b) (i) . However, once the wake becomes asymmetric, the nature of the clusters that form are highly dependent on the velocity and shape of the obstacle. Figure 5 shows wakes generated for various obstacle parameters, all captured at the same time t = 2000 (ξ/c). We find that any increase of size, ellipticity or velocity of the obstacle increases the number of vortices in the wake's clusters. The shedding frequency of vortices increases with the velocity of the flow [21] . For an elliptical obstacle, the combination of a reduced critical velocity and increased local velocity around the obstacle has the effect of increasing the shedding frequency with ε and d. The overall result is that, when increasing any of v, ε or d, more vortices are nucleated in a given time period, causing the cluster size to increase. This increase in cluster size is investigated in the next section.
Vortex Clustering
We have shown that the Bénard-von Kármán vortex street forms through the clustering of like-signed vortices. Methods of quantifying the clustering of vortices in quantum fluids have been explored in the literature [42, 46, 47] . Here we utilize the algorithm of Reeves et. al. [46] to identify clusters.
Firstly we record the number of clusters N c and the number of vortices in each cluster N i , where i is the cluster index. Then we determine the average number of vortices in the clusters,N = (1/N c ) i=Nc i=1 N i as a function of obstacle velocity v for three ellipticities ε = 1, 2 and 3, at times t = 500(ξ/c), 510(ξ/c), . . . , 2500(ξ/c). The results, plotted in Figure 6 , show that increasing v (above the critical velocity) causesN to increase and that, at fixed v,N increases with ε. We attribute this to an object with a larger ε having a lower critical velocity and producing more vortices at the same v. This result explains why an elliptical obstacle efficiently generates a semi-classical wake composed of large vortex clusters. We also find that for all values of ε, a large obstacle velocity (v 0.6) causes vortices to nucleate non-periodically, inducing an irregular flow without a visible Bénard-von Kármán vortex street configuration, in agreement with previous simulations with circular obstacles of smaller diameter [18] . 
Results: Three-Dimensional Wakes
We now generalize our results to 3D by considering quantum wakes in three-dimensional flow past a localized obstacle, as simulated via the 3D GPE with the 3D obstacle potential of Equation (A.1). Our results will confirm that the features observed in 2D wakes also arise in the 3D setting. A comprehensive study of the parameter space is, however, not tractable in 3D due to the computational intensity of the 3D simulations.
Symmetric Wakes
For a spherical (ε = 1) object with d = 5ξ, we find that the critical velocity is v c = 0.455 ± 0.05c, consistent with v c = 0.55c reported in the Eulerian limit (d ξ) [45, 51] . Making the obstacle ellipsoidal, with the short direction parallel to the flow, reduces the critical velocity, in parallel with our 2D observations. For example, for ε = 5, the critical velocity is reduced to v c = 0.315 ± 0.05c. Figure 7(a) shows the 3D wake generated past this ellipsoidal obstacle (d = 5ξ and ε = 5) when moving at super-critical speed v = 0.6c. Vortex rings, the 3D analog of vortex-antivortex pairs, are ejected at high frequency (due to the obstacles high ellipticity) in the direction of the flow. At early times (t = 450 (ξ/c) in this case) the vortex configuration maintains cylindrical symmetry about the obstacle's axis, as is clearly visible in the xy and xz planes in Figure 7 (b) and (c). As the vortex rings move downstream they shrink and speed up, returning to the object, sometimes passing through other vortex rings. A similar behaviour is observed [50] in the evolution of toroidal bundles of many coaxial vortex rings which leapfrog around each other. Occasionally a ring will escape this cycle and fall downstream. These behaviors conspire to form an organized symmetric wake behind the obstacle, the 3D analog of our 2D observations.
Asymmetric Wakes
We break the cylindrical symmetry of the system by tilting the obstacle by a small angle in the xz plane. The vortex rings, illustrated in Figure 8 , now become ejected and evolve asymmetrically; Kelvin waves and reconnections occur, forming an apparently disordered tangle of vortices behind the obstacle. Due to the manner in which symmetry is broken, the wake remains approximately symmetric in the xy plane, as evident in Figure 8 (b). However, unlike in Figure 8 , the vortices do not self organise into two clusters of alternate circulation. This is due to the vortex rings interacting, reconnecting and shifting out of the plane (which manifests in 2D as two alternate-sign vortices approaching one another).
However, in the xz plane (Figure 8 (c) ), symmetry is broken. Due to the relatively high frequency of vortex nucleation and relatively low flow speed, like signed vortices cluster together as they are ejected by the obstacle, much like the 2D solutions seen in earlier sections. Downstream the tangle may shift both across or out of the plane. In 2D, although this manifests as a shift in location of the vortex clusters, the clusters largely remain rather than forming dipoles.
Conclusion
We have shown that the motion of an obstacle in a Bose-Einstein condensate produces classical-like wakes consisting of quantum vortices of the same polarity. This is consistently observed in both two-and three-dimensional scenarios. The key ingredient to produce classical-like wakes -that vortices are generated at a sufficiently high rate that they undergo strong interactions with their neighbours (rather than being swept away) -is that the obstacle is elliptical, which reduces the critical velocity for vortex nucleation. Symmetric wakes resemble those observed in classical flow at low R. These are unstable, forming time-dependent asymmetric structures similar to the Bénard-von Kármán vortex street of classical fluid dynamics. Vortex singularities in the inviscid superfluid thus mimic classical vortex patterns typical of viscous flows. The effects which we describe (dependence of the critical velocity and cluster size on the obstacle's size, velocity and ellipticity) can be experimentally studied in atomic Bose-Einstein condensates using moving laser-induced potentials. They are also relevant to the motion of objects (such as vibrating wires, grids and forks) in superfluid helium, as the obstacle's ellipticity plays a role which is analogous to rough boundaries [48, 49] .
length. Under these conditions, the condensate becomes effectively two-dimensional, as achieved experimentally [40] . It is then described by an 2D GPE, corresponding to Equation (1) with g → g/ √ 2πl z and where Ψ, r, V and n become two-dimensional quantities.
In 2D, we model the obstacle via a moving repulsive Gaussian potential of the form,
The 3D (2D) system is simulated using the 4th-order Runge-Kutta method under periodic boundary conditions on a 400 × 150 × 150 (2048 × 512) grid with uniform spacing ∆ = 0.4ξ. The obstacle is positioned upstream in the box to enable a long simulation time before vortices recycle through the periodic box. We have verified that our simulations are well-converged, that is, increasing the grid resolution has negligible effect on the results. The computational box is sufficiently large that the boundary conditions do not play a role in vortex shedding. The initial condition is the stationary state of the GPE (including obstacle potential) with v = 0 (as determined by the imaginary time convergence method). Setting V 0 = 100 µ throughout, the external potential closely approximates an impenetrable obstacle. Unless stated otherwise, a small amount of noise is added to the initial condition to break symmetry: a random number between −0.0005 and 0.0005 is added to both the real and imaginary parts of the initial wavefunction.
To minimize initial generation of waves, v is ramped up in time along a hyperbolic tangent curve, from v = 0 at t = 0 to its terminal value at around t ≈ 100 (ξ/c). During the evolution, the vortices are located (and their circulation evaluated) using an algorithm based on those of references [41] and [42] .
